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A novel muscle driven method is developed to mimic contracting and expanding of
muscles, in a fish-like swimming body, which cause its body flapping in the transversal direction
and create thrust force to push its body to cruise in the longitudinal direction. The muscle
deformation is realized by using the RATTLE constraint algorithm. The turbulent fluids are
treated by a multi-relaxation time lattice Boltzmann method with a large eddy simulation. The
fish body is dealt with a lattice spring model and interactions between fluids and solid
structures are handled by a direct-forcing immersed boundary method. Validations are
conducted by comparing our simulation results with the existing experimental and theoretical
results. Subsequently, the frequency, amplitude, and wave length of muscle distortion are
systematically varied at different levels and their effects on flapping and cruising motion are
studied. It is revealed that the flapping and cruising Reynolds numbers increase linearly as the
distortion frequency increases and they also increase as the distortion amplitude increases.
However, the increasing rate is smaller in a larger amplitude range than in a smaller amplitude
range. It is also demonstrated that the flapping and cruising Reynolds numbers weakly depend
on the wave length. Furthermore, the effect of flexibility and inertia of fish tail on performance
of the fish-like swimming is studied base on this muscle driven swimming model. The results
and discussions reveal the mechanisms of the self-propelled flexible structure.
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CHAPTER I
INTRODUCTION
Understanding of mechanisms of self-propelled swimming motion in fluid flows is an
important subject in science and engineering. In nature, from microorganisms to whales,
varieties of creatures employ flapping motion to generate lift force to propel themselves, the
Reynolds numbers may range from 10−4 for bacteria to 3 × 10−4 for whales. Many scientists
have devoted themself to this topic for many years [1-7].
A mathematical model for the description of wave patterns of flexible body flapping
motion at a small amplitude was derived [2]. This model explained how the flapping body
employs viscous force to generate propulsive force. Most fishes swim by pushing their body
against water, and the popular mechanism of propulsion is based on the wave-like movement
of the swimming body and on tail flapping in the lateral direction [8]. The force created by the
flapping motion cancels out laterally, on average, but leaves a net force in the cruising direction
[2, 9-12]. In general, when the fish body is flapping in its transversal direction, crosses the
longitudinal axis of the body, and pushes the water backward, a reacting force is exerted on its
surface. The component of the reacting force in the longitudinal direction is called thrust force
which drives the fish moving through the water.
Simultaneously, computer simulations were often employed by many authors to
numerically investigate relationships among body flapping, flow vortex structure, propelled
force, and power consumption [13-20]. In most existing simulations, an incoming flow will be
introduced to the fluid-solid system, trajectory obits of the flexible fish body in the transversal
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direction or in both transversal and cruising directions are pre-assigned, hydrodynamic force
and flow structures are computed [13, 19].
Although, their results were diversified and inspiring for understanding of rich mechanisms
of swimming motion and concomitant fluid phenomena, how the muscle drives body flapping is
not well explored. In fact, the fish's transversal flapping is caused by actively contracting of
muscles on one side of its body and expanding on the other side [21]. The muscle motion
continuously and actively provides energy and self-propelled power to keep the fish moving
with undulation of the flexible body. None has simulated and focused on the muscle driven
transversal undulation motion. To fill the gap, unlike others, we do not use a pre-described
equation to orbit the transversal flapping of the swimmer. Instead, the contraction and
expansion of muscles are utilized to create the undulation wave and transversal flapping of the
body [22-24].
In this work, a novel numerical simulation technique, called muscle driven method (MDM),
is developed to simulate contraction and expansion of muscle bands which actively drive the
fish body to flap and move freely. It is proposed that the muscle deformation is realized by
controlling relative distances between two neighboring solid particles on the muscle bands. This
technique allows attentions to be focused on the muscle effects, i.e., the frequency f, amplitude
𝜀𝑚𝑎𝑥 , and wave length 𝜆 of the muscle distortion are systematically varied at different levels
and their effects on the swimmer's cruising are investigated and reported. To our best
knowledge, muscle actively driven flapping of a swimming body is simulated for the first time.
The proposed MDM is composed of five methods:
2

1) the flexible swimming solid body is discretized as solid particles on square grids
connected by elastic springs. This model is called a lattice spring model (LSM). Flapping
motion of the flexible body and deformation of muscles are easily handled by the LSM;
2) the relative distances between two neighboring solid particles during muscle distortion
are controlled by using the RATTLE [25] constraint force method;
3) a fluid flow is simulated by the multiple-relaxation-time lattice Boltzmann method
(MRT-LBM);
4) the turbulence is treated by a large eddy simulation model (LES) [26-28];
5) a direct-forcing immersed boundary method (DIBM) is used to deal with the interaction
between the solid body and fluids [29].
This work emphasizes how to control deformation of muscle bands to produce a correct
wave motion of the fish-like swimming body and how to understand effects of the frequency,
amplitude, and wavelength of muscle contacting and expanding on cruising motion.
Furthermore, we studied the effect of flexibility and inertia of fish tail on performance of
the fish-like swimming. Understanding mechanisms of self-propelled motion becomes
interesting topics in science and engineering, and in particular, deformation of flexible body or
wings complicates dynamic interactions between fluids and solid body due to dependence of
fluid fields on shape changes of flapping body or wings. How flexibility or rigidity of body affects
deformation and its influence on dynamic performance attracts a lot of attention of scientists
and engineers [4-6]. Ho et al. studied [30] the wing stiffness distribution and flexibility on
3

hydrodynamic performance. Heathcote et al. conducted an experiment to investigate effects of
the flexibility of a wing in chordwise and spanwise directions on the thrust force, lift force, and
power efficiency in low Reynolds number flows [31, 32]. Their results suggested that the effect
of chordwise flexibility is beneficial for purely heaving airfoils and there is an optimal airfoil
stiffness for a given plunge frequency and amplitude. To better understand the role of wing and
fin flexibility in flapping locomotion, Spagnolie et al. studied a freely moving wing that can pitch
passively as it is actively heaved in a fluid [33]. They observed that the flapping wing can move
horizontally in either direction (forward or backward) depending on the heaving frequency.
Zhang et al. simulated a flexible plate using a lumped-torsional-flexibility model and also
observed two dynamic responses (forward or backward motion). It was pointed out that the
torsional flexibility can remarkably improve the propulsive performance [34]. Zhu et al.
conducted a systematic study to investigate the effects of flexibility on important physical
quantities and found that optimal cruising speed is always achieved in foils with a given
flexibility [35]. Luo etc. investigated flexibility and inertia of swimmer on cruising performance
by using a lattice Boltzmman method (LBM) and a lattice spring model (LSM) [36]. It was
confirmed that cruising direction can be revised as the flexibility and inertia vary. In these
simulations, swimmer is transversally flapped in a pre-described orbit. None used a muscle
driven flapping to generate a transversal flapping motion which produces a thrust force to push
swimmer to cruise in the longitudinal direction. In this work, the MDM is fully validated, proven
and then, adopted to investigate how the fish uses its deformation of muscles to actively propel
itself to cruise and how the flexibility and inertia affect its flapping and cruising. In simulations,
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flexibility and inertia are systematically varied at different levels, their effects on swimming
performance are studied, analyzed, and evaluated.
In the Chapter of METHODOLOGIES, the MDM including the RATTLE, LBM with LES, LSM,
and DIBM is described, as well as the beam theory which is applied in the study of flexibility and
inertia effect. In Section VALIDATIONS, validations are presented by comparing with
experimental and theoretic results. Also, simulation conditions and the resolution test are
reported in Section SIMULATIONS AND RESOLUTION. The results are reported in the Chapter of
RESULTS. Conclusions are made in the last chapter.
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CHAPTER II
METHODOLOGIES

2.1 Muscle Contraction and Expansion
The LSM is applied to a fish body. As shown in Figure 1, the fish body is discretized as solid
particles on grids of squares and the solid particles are connected by elastic springs. There are
two one-dimensional muscle bands AB and CD located on two sides of the body symmetrically
(see Figure 1). The periodic contraction and expansion of the two muscle bands generate
vibrations of the fish body and are governed by two deformation distribution functions 𝜖 𝑡𝑜𝑝
and 𝜖 𝑏𝑜𝑡𝑡𝑜𝑚 :
𝜖 𝑡𝑜𝑝 (𝑙, 𝑡) = −𝜀𝑚𝑎𝑥 𝑠𝑖𝑛(𝜔𝑡 + 𝛾𝑙)ℎ′ (𝑙)𝑠(𝑡),
𝜋
𝜖 𝑏𝑜𝑡𝑡𝑜𝑚 (𝑙, 𝑡) = −𝜀𝑚𝑎𝑥 𝑠𝑖𝑛 (𝜔𝑡 + 𝛾𝑙 + ) ℎ′ (𝑙)𝑠(𝑡)
2

(1)

where 𝜖 𝑡𝑜𝑝 (𝑙, 𝑡) is a function of time 𝑡 and the local one-dimensional variable 𝑙 = [0, 𝐿𝑚 ] of
displacement along the top muscle band AB starting at its left end A; 𝛾 = 2𝜋/𝜆 is the wave
number and 𝜆 is the wave length; 𝜀𝑚𝑎𝑥 is the contracting amplitude; 𝜔 = 2𝜋𝑓 is the angular
frequency. The function ℎ′ (𝑙) = 1 − (𝑙/𝐿𝑚 )2 describes the heterogeneous distortion along the
muscle band and is based on the experimental measurement [37] where 𝐿𝑚 is the length of the
muscle band. The function 𝑠(𝑡) = 1 − 𝑒 −𝑡/𝑡𝑎 represents a gradual acceleration from the start
of the simulation to avoid divergence. Since the muscles are actively contracted and expanded,
the muscle length deformation 𝛿𝑙 is based on the original muscle length 𝐿𝑚 for all 𝜖 𝑡𝑜𝑝 (𝑙, 𝑡)
along the muscular bands and defined by
𝛿l = 𝜖 top (l, t)Lm
6

(2)

Similarly, 𝜖 𝑏𝑜𝑡𝑡𝑜𝑚 (𝑙, 𝑡) describes the distortion along the bottom muscle band CD with a phase
difference of 𝜋/2. The position 𝑟𝑖 (𝑡) of each solid particle on the muscle band can be calculated
from Equation 1 and consequently distances between two neighboring solid particles are
obtained. In order to keep the particle distances following correct contraction-and-extension or
pre-described deformation, constraint force has to be added to update the particle position and
velocity at each time step. For this purpose, a RATTLE algorithm is adopted (see following
section for details). This algorithm controls the relative distance between two adjacent solid
particles along the muscle bands either contracting or expanding and ensures that the fish body
swims freely.
The contours of the main body are roughly given by
5

𝑙𝑠 𝑛
𝑊(𝑙𝑠 ) = ∑ 2 𝑎𝑛 𝑊𝑚𝑎𝑥 ( ) ,
𝐿

(3)

𝑛=1

where the body width 𝑊 is a function of 𝑙𝑠 ; 𝑙𝑠 = [𝐿𝑡𝑎𝑖𝑙 , 𝐿] is the local one-dimensional position
variable along the center longitudinal axis; 𝑎𝑛 = {1.22, 3.19, −15.73, 21.87, 10.55} are
constant parameters; 𝑊𝑚𝑎𝑥 is the maximal width. In addition, a rectangular tail of the length
𝐿𝑡𝑎𝑖𝑙 = 0.216𝐿 and width 𝑊𝑡𝑎𝑖𝑙 = 0.056𝐿 is connected to the left end of main body. In this
work, all parameters except the muscle distortion frequency 𝑓 are dimensionless. The fish
length 𝐿 corresponds to a reasonable real value of 4.5 𝑐𝑚.

7

Figure 1: Sketch of the simulation configuration. A fish-like swimming structure is divided as tail and body
with two muscle bands 𝐿𝑚 = 0.62𝐿.

2.2 RATTLE Algorithm
In order to ensure the variation of relative distances between two adjacent solid particles
to follow the deformation distribution functions (Equation 1), the relative distances are
calculated from the one-dimensional local coordinate $l$ first. Since the muscle band is
discretized as uniform lattices and the length of each grid is one in nondimensional length units,
the undeformed distance between the 𝑖th and 0th particles (located at the left end A of the
muscle band) is 𝑙0𝑖 = 𝑖 where the number of grids isncounted orderly from the left end A to
′
right end B. The deformed distance 𝑙0𝑖
between the 𝑖th and 0th particles is

′
𝑙0𝑖
= 𝑖 + 𝛿𝑙 = 𝑖 + 𝜖(𝑙0𝑖 , 𝑡)𝐿𝑚 .

(4)

′
Therefore, the deformed relative distance 𝑙𝑖𝑗
between the 𝑖th and 𝑗th particles (grids) should be

′
′
′
𝑙𝑖𝑗
= 𝑙0𝑗
− 𝑙0𝑖
= (𝑗 − 𝑖) + 𝐿𝑚 (𝜖(𝑙0𝑗 , 𝑡) − 𝜖(𝑙0𝑖 , 𝑡))

(5)

where the superscript of 𝜖(𝑙, 𝑡) in Equation 1 is dropped for convenience.
′
To ensure 𝑟𝑖𝑗 = |𝑟𝑖 − 𝑟𝑗 | = 𝑙𝑖𝑗
, the RATTLE algorithm [25] for integrating the equation of

motion in the molecular dynamics with the internal constraint is applied where 𝑟𝑖 is the global
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position vector of the 𝑖th solid particle, and 𝑟𝑖𝑗 is the distance between solid particle 𝑖 and 𝑗.
This algorithm is based on the velocity version of the Verlet method [38]:

𝑟𝑖 (𝑡 + 𝛿𝑡) = 𝑟𝑖 (𝑡) + 𝑟𝑖̇ (𝑡)𝛿𝑡 +

ri̇ (t + 𝛿t) = ri̇ (t) +

𝛿𝑡 2 (𝐹 𝑒 (𝑟𝑖 (𝑡)) + 𝐺 𝑒 (𝑟𝑖 (𝑡)))
2

,

𝛿t[F e (ri (t)) + Ge (ri (t)) + F e (r(t + 𝛿t)) + Ge (r(t + 𝛿t))]
.
2

(6)

The position 𝑟𝑖 and velocity 𝑟𝑖̇ at time step 𝑡 + 𝛿𝑡 can be computed synchronously from the
position, velocity, acting force 𝐹 𝑒 , and constraint force 𝐺 𝑒 at time step both 𝑡 and 𝑡 + 𝛿𝑡.
According to [39], 𝐺 𝑒 is given by
Gie = − ∑ 𝜆ij (t)𝛻i 𝜎ij ,

(7)

j

where the summation goes over all 𝑗ths particles that are connected with the current 𝑖th solid
′
particle by constraint forces, 𝜆𝑖𝑗 (𝑡) are time-dependent Lagrange multipliers, and 𝜎𝑖𝑗 = 𝑟𝑖𝑗 − 𝑙𝑖𝑗

is the constraint condition. Therefore, we have

𝑟𝑖 (𝑡 + 𝛿𝑡) = 𝑟𝑖 (𝑡) + 𝑟𝑖̇ (𝑡)𝛿𝑡 +

𝛿𝑡 2 (𝐹 𝑒 (𝑟𝑖 (𝑡)) − 2 ∑𝑗 𝜆𝑅𝑅𝑖𝑗 (𝑡)𝛻𝑖 𝑟𝑖𝑗 )
,
2

(8)

and
𝑟𝑖̇ (𝑡 + 𝛿𝑡) =
𝛿𝑡[𝐹 (𝑟𝑖 (𝑡)) − 2 ∑𝑗 𝜆𝑅𝑅𝑖𝑗 (𝑡)𝛻𝑖 𝑟𝑖𝑗 + 𝐹 𝑒 (𝑟(𝑡 + 𝛿𝑡)) − 2 ∑𝑗 𝜆𝑅𝑉𝑖𝑗 (𝑡 + 𝛿𝑡)𝛻𝑖 𝑟𝑖𝑗 ]
𝑟𝑖̇ (𝑡) +
,
2
𝑒

9

(9)

where the quantities 𝜆𝑅𝑅𝑖𝑗 and 𝜆𝑅𝑉𝑖𝑗 are made to satisfy time derivatives of the constraint
equations. These two quantities are solved by the iterative method of Ryckaert [39] within a
given error allowed.

2.3 Lattice Boltzmann Method with Large-eddy Simulation
In the recent decades, the LBM has been proven to be a very successful and powerful tool
in the field of computational fluid dynamics (CFD) [40][41][42][43][44][45][46][47]. Unlike the
traditional CFDs, which solve the Navier-Stokes (NS) equation directly, the LBM solves the NS
equation numerically based on a lattice Boltzmann equation:
𝑓𝑖 (𝑟 𝑙 + 𝑒𝑖 δ𝑡 , 𝑡 + δ𝑡 ) − 𝑓𝑖 (𝑟 𝑙 , 𝑡) = Ω (𝑓𝑖 (𝑟 𝑙 , 𝑡)),

(10)

𝑖

where 𝑓𝑖 is the distribution function at the location 𝑟 𝑙 and time 𝑡, subscript 𝑖 is to indicate the
streaming directions, δ𝑡 is the time step interval, 𝑒𝑖 is the discrete velocity set, and Ω is the
𝑖

collision operator:
̂𝑑
Ω (𝑓𝑖 (𝑟 𝑙 , 𝑡)) = −𝑀−1 𝑆[𝑚(𝑟 𝑙 , 𝑡) − 𝑚𝑒𝑞 (𝑟 𝑙 , 𝑡)] + δ𝑡𝑀 −1 𝑭
𝑖

(11)

where 𝑚 and 𝑚𝑒𝑞 are the nonequilibrium and equilibrium distribution functions in the
momentum spaces respectively. 𝑀−1 is the orthogonal transformation matrix, 𝑆 is the diagonal
̂ 𝑑 is the direct-forcing term in the
matrix representing different values of relaxation times, and 𝑭
moment space. Equation 10 combined with Equation 11 shows that in a complete step of the
MRT-LBM, the collision is executed in the momentum space while the streaming is in the
velocity space [26,27].
10

Figure 2: Two main processes of lattice Boltzmann method

In the current work, the collision process is solved based on the MRT-LBM with a D2Q9
scheme. In this scheme, the discrete velocity set 𝑒𝑖 is written as:
(0,0)
𝑖=0
𝒆𝑖 = {(±1,0), (0, ±1) 𝑖 = 1~4,
(±1, ±1) 𝑖 = 5~8

(12)

and the relaxation rates 𝑆 are

𝐒 = |0

2 − 1/𝜏
1.6 1.8 0 8 (
)
8 − 1/𝜏

0

𝑇

2 − 1/𝜏
8(
)
8 − 1/𝜏

1/𝜏

1/𝜏| ,

(13)

where τ is the relaxation time. The corresponding moments 𝑚 and equilibria 𝑚𝑒𝑞 are
m = |ρf

e

ϵ

jx

qx

jy

qy

pxx

− 𝑢𝑥

𝑢𝑦

− 𝑢𝑦

pxy |

T

(14)

and
𝑚𝑒𝑞 = ρ𝑓 |1

− 2 + 3𝑢2

1 − 3𝑢2

𝑢𝑥
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𝑢𝑥2 − 𝑢𝑦2

𝑇

𝑢𝑥 𝑢𝑦 | ,

(15)

where ρ𝑓 is the density, 𝑒 is the energy mode, ϵ is related to the energy square, 𝑗𝑥 and 𝑗𝑦 are
the mass fluxes, 𝑞𝑥 and 𝑞𝑦 are the energy fluxes, 𝑝𝑥𝑥 and 𝑝𝑥𝑦 are the stress tensors, 𝑢 is the
fluid velocity vector, and 𝑢𝑥 and 𝑢𝑦 are the x-component and y-component of the fluid velocity.
Besides, we introduce the LES to simulate a turbulent fluid [28]. The LES directly models
large eddies and indirectly models small scale fluid dynamics using the sub-grid scale method
(SGS). Here we employ a widely applied SGS model: the Smagorinsky eddy viscosity model [48].
In this model, the turbulent viscosity ν𝑡𝑢𝑟𝑏 is related to the strain rate 𝑆̅ and a filter length scale
Δ (set to be the lattice spacing unit in the LBM):
𝑥

2

2

ν𝑡𝑢𝑟𝑏 = (𝐶𝑠 Δ ) 𝑆̅ =
𝑥

(𝐶𝑠 Δ ) 𝑄̅

𝑥
2
2𝑐𝑠 ρ𝑓 τ𝑡𝑜𝑡𝑎𝑙

,

(16)

where 𝐶𝑠 is the Smagorinsky constant, 𝑐𝑠 is the speed of sound, and the local strain rate 𝑄̅ can
be explicitly given in terms of the moments and calculated from the nonequilibrium distribution
𝑓𝑖 (𝑟 𝑙 , 𝑡) in the LBM. Since
τ = τ0 + τ𝑡𝑢𝑟𝑏

(17)

where τ0 is the single-relaxation time and τ𝑡𝑢𝑟𝑏 is the turbulence relaxation time. After
combining Equation16 and Equation 17, τ𝑡𝑢𝑟𝑏 can be expressed and computed as
2

τ𝑡𝑢𝑟𝑏 = 3ν𝑡𝑢𝑟𝑏 = 0.5 (√τ20 + 18𝐶𝑠2 Δ 𝑄̅ − τ0 ) .
𝑥
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(18)

More details of this large eddies model can be found in [26-28]. The main benefit of the
MRT-LB model with the LES extension is a significant improvement of numerical stability which
makes high-Reynolds-number fluid environments possible in this work.

2.4 Lattice Spring Model
The concept of the LSM is simple but very efficient in simulating elasticity and fracture of
deformable structures in inhomogeneous or multiphase systems [36, 49]. In the LSM, a
deformable solid structure is discretized as individual particles connected by harmonic elastic
springs. The spring energy 𝑈𝑖𝑠 of the 𝑖th particle is given as
1
2
𝑈𝑖𝑠 = ∑ 𝑘𝑠 (𝑟𝑖𝑗 − 𝑟0𝑖𝑗 )
2

(19)

𝑗

where 𝑘𝑠 is the spring coefficient, 𝑟0𝑖𝑗 is the balanced length of the spring between the 𝑖th
particle and its adjacent 𝑗th particle, and 𝑟𝑖𝑗 is the length in the deformable state. Similarly, the
spring bending energy 𝑈𝑖𝑎 is given as
1
2
𝑈𝑖𝑎 = ∑ ∑ 𝑘𝑠 (θ𝑖𝑗𝑘 − θ0𝑖𝑗𝑘 )
2

(20)

𝑗 𝑘,𝑘≠𝑗

where 𝑘𝑎 is the angular bonding coefficient, θ0𝑖𝑗𝑘 is the angular equilibrium between the
bonding vectors 𝑟𝑖𝑗 and 𝑟𝑖𝑘 while θ𝑖𝑗𝑘 is nonequilibrium. Then the elastic force 𝐹𝑖𝑒 on the 𝑖th
solid particle can be derived from the gradient of the total energy:
𝐹𝑖𝑒 = −∇(𝑈𝑖𝑠 + 𝑈𝑖𝑎 ).

13

(21)

In the LSM, there are several common types of lattice structures: triangular, square, square
with crossing, etc. In this work, the cross-bond model is applied to improve the flexural rigidity
and the stability of solid structures. Relationship among the Young’s modulus 𝐸, spring
coefficient 𝑘𝑠 , and angular bonding coefficient 𝑘𝑎 is

𝐸=

2
8𝑘𝑠 (𝑘𝑠 + 𝑘𝑎 /𝑟0𝑖𝑗
)
2
3𝑘𝑠 + 𝑘𝑎 /𝑟0𝑖𝑗

.

(22)

Since, physically, the 𝑘𝑎 is much smaller than 𝑘𝑠 , Equation 22 can be simplified as 𝐸 = 8/3𝑘𝑠 .

2.5 Interaction between Solid and Fluid Particles
In order to force the fluid velocity 𝑢∗ (𝑟 𝑏 , 𝑡) equal to the solid boundary velocity 𝑉 𝑏 (𝑟 𝑏 , 𝑡)
at the fluid-solid interface, a direct-forcing immersed boundary method (DIBM) [50] is applied.
A direct force
𝐹𝑑 (𝑟 𝑏 , 𝑡) = ρ𝑓 (𝑉(𝑟 𝑏 , 𝑡) − 𝑢∗ (𝑟 𝑏 , 𝑡))/δ𝑡

(23)

should be added to the unforced fluid at the solid boundary position 𝑟 𝑏 . The reaction acting on
the solid boundary grid by fluid is −𝐹𝑑 (𝑟 𝑏 , 𝑡). The unforced fluid velocity at each fluid lattice is
calculated by
ρ𝑓𝑢∗ (𝑟 𝑙 , 𝑡) = ∑ 𝑓𝑖 𝑒𝑖 .

(24)

𝑖

Then the unforced fluid velocity 𝑢∗ at the position of the solid boundary node 𝑟 𝑏 is presented
by
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𝑢∗ (𝑟 𝑏 , 𝑡) = ∫ b𝑢∗ (𝑟 𝑙 , 𝑡)𝐷(𝑟 𝑙 − 𝑟 𝑏 )𝑑𝑟 𝑙 .

(25)

Π

𝐷 is a discrete Dirac Delta function [29]:
1
𝜋𝑥
𝜋𝑦 |𝒓| < 2ℎ
𝐷(𝑟) = {16ℎ2 (1 + 𝑐𝑜𝑠 2ℎ ) (1 + 𝑐𝑜𝑠 2ℎ )
𝑜ℎ𝑡𝑒𝑟𝑤𝑖𝑠𝑒
0

(26)

where ℎ is the single lattice unit length. The fluid lattices are within a circle area Π of a radius of
2ℎ, centered at a given solid boundary node 𝑟 𝑏 . The Delta function is also used to distribute the
interaction force to the surrounding fluid grids:
𝐹𝑑 (𝑟 𝑙 , 𝑡) = ∫ b𝐹𝑑 (𝑟 𝑏 , 𝑡)𝐷 (𝑟 𝑙 − 𝑟 𝑏 )𝑑𝑟 𝑏 .

(27)

Π

Figure 3: The illustration of immersed boundary method. The core is to force the fluid velocity to be equal
to the solid boundary velocity at the fluid-solid interface.

2.6 Flapping and Cruising Reynolds Numbers
Three non-dimensional numbers will be employed to characterize the swimming
performance. A flapping Reynolds number [51], associated with the body kinematics, is defined
as
15

𝑅𝑒𝑓 = 𝑉𝑌𝑚𝑎𝑥 𝐿/ν𝑓 = 2π𝑓𝑏𝑒𝑎𝑡 𝐴𝑏𝑒𝑎𝑡 𝐿/ν𝑓 ,

(28)

where 𝑉𝑌𝑚𝑎𝑥 is the maximum transversal velocity at the tail end of the swimming body, ν𝑓 is the
fluid kinematic viscosity, 𝑓𝑏𝑒𝑎𝑡 and 𝐴𝑏𝑒𝑎𝑡 are the tail beat frequency and amplitude. In
simulations, 𝑓𝑏𝑒𝑎𝑡 is exactly same as the muscle distortion frequency 𝑓. It is the transversal
flapping which drives the fish to move or cruise. The cruising Reynolds number is defined by
𝑅𝑒 = 𝑉̅𝑋 𝐿/ν𝑓 ,

(29)

where 𝑉̅𝑋 is the average cruising speed of the center of mass of the swimming body. The
Strouhal number 𝑆𝑡 is defined by
𝑆𝑡 = 𝑓𝑏𝑒𝑎𝑡 𝐴𝑏𝑒𝑎𝑡 /𝑉̅𝑋 .

(30)

κ = ω𝑏𝑒𝑎𝑡 𝐿𝑡𝑎𝑖𝑙 /2𝑉̅𝑋 ,

(31)

A reduced frequency κ is defined by

where ω𝑏𝑒𝑎𝑡 = 2π𝑓𝑏𝑒𝑎𝑡 is the angular tail beat frequency, and 𝐿𝑡𝑎𝑖𝑙 is the characteristic length
since the flapping motion is contributed mainly by the caudal portion.

2.7 Beam Theory
Actively contracting and expanding of muscular bands drive the tail portion passively
flapping in the transversal direction, which creates thrust force and propels fish to move in the
longitudinal direction. This tail portion can be considered as a flexible beam (chord length 𝐿𝑡𝑎𝑖𝑙
and thickness 𝑊𝑡𝑎𝑖𝑙 , refer Figure 1) heaving in the lateral direction in fluids.
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In the classical beam theory, the non-dimensional motion equation of the flexible
swimming body can be written by
∂2 𝑤
∂4 𝑤
∗
+
𝐾
= 𝐹𝑓 ,
𝐵
0 ∂2 𝑡
∂𝑠 4

Π

(32)

where Ff is the dimensionless hydrodynamic force acted on the caudal portion per unit length;
𝑤 is the bending displacement; s is the coordinate variable along with the length of the tail; Π

0

is the effective inertia; K ∗B is the flexural rigidity; Π and K ∗B are dimensionless and defined,
0

respectively, by
ρs Wtail Ltail
,
4π2 ρf Z02

(33)

𝐸𝐼𝑙
,
ρ𝑓 𝑉02 𝑊𝑡𝑎𝑖𝑙 𝐿2𝑡𝑎𝑖𝑙

(34)

Π =
0

𝐾𝐵∗ =

3
where ρ𝑠 is the solid density; ρ𝑓 is the fluid density; 𝐸 is the Young's modulus; 𝐼𝑙 = 𝑊𝑡𝑎𝑖𝑙
/12 is

the second moment of area; 𝑍0 and 𝑉0 is the maximal displacement (amplitude) and velocity of
the lateral heaving motion at the joint connecting the tail to the main body. In this work, since
the lateral undulation is not pre-described, 𝑍0 and 𝑉0 are numerical results from the simulation,
which are the amplitude and velocity of lateral motion in a specific case. This case will be
mentioned in the result section. The effective inertia essentially denotes the ratio of the
swimming body's inertia to the fluid hydrodynamic inertial force (or “added mas”). The
flexibility can be defined by

𝐹𝑙 =

𝐿𝑡𝑎𝑖𝑙 /𝐿
.
𝐸𝐼𝑙
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(35)

The effective inertia and flexural rigidity can be systematically varied at different levels by
altering the density and spring coefficient of the solid body and their effects on motion can be
compared, analyzed, and reported.

2.8 CUDA Parallel Strategy
The immersed boundary lattice-Boltzmann lattice-spring method (IBLLM) has previously
been implemented to solve several systems involving deformable and moving solid bodies
suspended in Navier-Stokes fluids. In Wu’s study [65], a Graphics Processing Unit (GPU) in CUDA
Fortran is implemented to solve a variety of systems. These studies represent the first report on
using a single GPU device with CUDA Fortran in the implementation of the IBLLM solver.
Incorporation of GPU while solving with the versatile IBLLM technique will expand the range of
complex fluid-solid interaction (FSI) problems that can be solved in a variety of fields.
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CHAPTER III
VALIDATIONS

3.1 Poiseuille Flow
In 1840s, Poiseuille firstly set out to find a functional relationship among four variables:
the volumetric efflux rate of distilled water from a tube, the driving pressure differential, the
tube length, and the tube diameter. The Hagen-Poiseuille equation can be validated through
pure mathematic derivations, applied mechanics, and numerical simulations. The equation is

𝑢𝑥 (y) =

∆𝑃
𝑦(𝑊 − 𝑦),
2𝜇𝐿

(36)

where 𝑥 is the flow direction along the tube and 𝑦 is in the transversal direction; 𝑢𝑥 is the flow
velocity at 𝑦; ∆𝑃 is the pressure difference from the inlet to the outlet of the channel; 𝜇 is the
dynamic viscosity (in simulations use 𝜈); 𝑊 and 𝐿 are the width and length of the 2D channel. It
is a very fundamental physical phenomenon in the narrow tube. In our simulations, it helps
validate the fluid solver and all the boundary conditions. As in Figure 4, a tube flow is simulated:
1) being driven by the pressure drop along x-axis through introducing the periodic pressure
boundary condition method in the LBM [64]; 2) being constricted between the narrow tube
wall using non-slipped half-way bounce-back boundary condition [40].
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Figure 4: Sketch of the pipe flow in 2D.

The periodic boundary conditions are described as 𝑢(𝑥 = 0, 𝑦) = 𝑢(𝑥 = 𝐿, 𝑦) and
𝑃(𝑥 = 0, 𝑦) = 𝑃(𝑥 = 𝐿, 𝑦) + 𝛽𝐿 (refer Figure NNN) where 𝑢 is the velocity, 𝑃 is the pressure, 𝐿
is the length of the tube, and 𝛽 = ∆𝑃⁄𝐿 is the pressure gradient. In LBM, these conditions are
expressed as

𝑖𝑛
𝑓𝑖𝑛𝑙𝑒𝑡

=

𝛽
𝜌0 + ⁄ 2
𝑐𝑠
𝑜𝑢𝑡
𝑓𝑜𝑢𝑡𝑙𝑒𝑡 𝜌̅
𝑜𝑢𝑡𝑙𝑒𝑡

𝑜𝑢𝑡
𝑖𝑛
𝑓𝑜𝑢𝑡𝑙𝑒𝑡
= 𝑓𝑖𝑛𝑙𝑒𝑡

𝜌0 −

,

𝛽𝐿
⁄𝑐 2
𝑠

𝜌̅𝑖𝑛𝑙𝑒𝑡

,

(37)

where 𝜌̅𝑜𝑢𝑡𝑙𝑒𝑡 and 𝜌̅𝑖𝑛𝑙𝑒𝑡 are the density averages over the outlet and inlet area, respectively;
𝑖𝑛
𝑜𝑢𝑡
𝑖𝑛
𝑜𝑢𝑡
𝑓𝑖𝑛𝑙𝑒𝑡
, 𝑓𝑖𝑛𝑙𝑒𝑡
, 𝑓𝑜𝑢𝑡𝑙𝑒𝑡
, and 𝑓𝑜𝑢𝑡𝑙𝑒𝑡
are distribution functions at inlet or outlet area as shown in

Figure 5; 𝜌0 is the initial set-up of fluid density and equals to 1 in simulation unit; and 𝑐𝑠2 is the

sound speed in LBM and equals to √1/3 .

20

Figure 5: Pressure boundary condition of the lattice Boltzmann method.

The bounce-back scheme is the most widely used rule for stationary no-slip walls [40]. It is
simply assumed that the macroscopic velocity at the wall is zero and a streaming of a
distribution function reverses its spread after hits to the rigidity flat wall, which is
𝑓𝑙′̅ (𝒙𝑏 , 𝑡) = 𝑓𝑖′ (𝒙𝑓 , 𝑡),

(38)

where 𝑓𝑙′̅ and 𝑓𝑖′ are the distribution functions after and before the collision with the wall, 𝑥𝑏
and 𝑥𝑓 are the fluid grids as shown in Figure NNN. The wall is located at

𝒙𝑏 +𝒙𝑓
2

. The Poiseuille

flow is developed in a 2D channel. The set-up parameters in this simulation are all in the nondimensional simulation scale. The simulation box of fluids is (𝑁𝑥 × 𝑁𝑦 = 64 × 32), the pressure
gradient 𝛽 along x-axis is 1.5 × 10−5 , and the simulation kinetic viscosity 𝜈 is equal to 0.16. As
shown in Figure 6, the simulation result is identical with analytical solution with an average
error of 0.064%. The tube flow Reynolds number (defined as 𝑅𝑒 = 𝑢𝑥,𝑚𝑎𝑥 𝑊/𝜈) is 1.8 in this
simulation.

21

Figure 6: Axial velocity U_x profile of 2D pipe flows. The parabola shows a perfect matching result.

Furthermore, instead of adding the pressure gradient, an initial uniform velocity is added
directly into the system at the inlet and outlet area. In this case we set that 𝑁𝑥 × 𝑁𝑦 = 500 ×
100, 𝑢0 = 0.01 and 𝜈 = 0.16. The LB distribution equations
2
3
𝑓𝑖 = 𝜔𝑖 𝜌𝑓 {1 + 3(𝒆𝑖 ∙ 𝒖0 ) + (𝒆𝑖 ∙ 𝒖0 )2 − (𝒖0 ∙ 𝒖0 )}
9
2

(39)

will put on the two ends of the channel, in which 𝒖0 is the added-in velocity. The parabolic
curve is developed at the middle of the channel as shown in Figure 7. Since the pressure
difference ∆𝑃 is unclear to Equation 39. in this case, the average velocity 𝑢̅ =
velocity 𝑢𝑚𝑎𝑥 =

∆𝑃𝑊 2
8𝜇𝐿

∆𝑃𝑊 2
12𝜇𝐿

or maximum

being from simulation results is inserted to cancel out ∆𝑃. The

comparison shows a well agreement as referred in Figure 7.
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Figure 7: Distribution of Velocity in the flow direction of the simulation result.

3.2 Jeffery Test
To provide more evidence, a rotation of an ellipse in a 2D shear flow is simulated. The
object is located at the center of the simulation box and driven by the shear flow imposed
between two driving lips [shown is Figure 8]. In Jeffery theory [66], at zero Reynolds number,
the rotation offset angle 𝜒 and rotation angular velocity 𝜔𝑎 as functions of time 𝑡 are solved
mathematically, which are
𝑏

𝑎𝑏𝜆𝑡

𝑡𝑎𝑛𝜒 = 𝑎 𝑡𝑎𝑛 𝑎2 +𝑏2,
𝑑𝜒 𝜆(𝑎2 𝑠𝑖𝑛2 𝜒 + 𝑏 2 𝑐𝑜𝑠 2 𝜒)
𝜔𝑎 =
=
𝑑𝑡
𝑎2 + 𝑏 2

(40)

where 𝑎 is the semi-major axis and 𝑏 is the semi-minor axis; and 𝜆 is the shear rate. In lattice
Boltzmann simulation, a periodic boundary condition is set along 𝑦-axis at 𝑥 = 0 and 𝑥 = 𝑁𝑥 .
The top lip is located at 𝑦 = 𝑁𝑦 and has a velocity 𝑢0 in the x-direction, and the bottom lip is
located at 𝑦 = 0 and has an opposite velocity −𝑢0 to the top lip (refer Figure NNN). A
simulation box size of 𝑁𝑥 × 𝑁𝑦 = 96 × 96 and a ellipse size of 𝑎 × 𝑏 = 9.5 × 5.5 are used, the
density of the solid fiber 𝜌𝑠 is equal to the fluid density 𝜌𝑓 , the shear rate is at 𝜆 = 2.38 × 10−4 ,
23

and a rigidity of 𝐾 = 0.40 is used to avoid an observed deformation. Moreover, in this case, the
second order terms of the fluid equilibrium distribution functions are omitted to force the
Reynolds number as being closed to zero as possible. The simulation result of the normalized
angular velocity 𝑑𝜒/𝜆 as a function of the normalized time 𝜆𝑡 is compared with the analytic
solution of Jeffery theory in Figure 9 and the compare shows that the simulation result is in a
good agreement. One may also notice that both the Jeffery theory and the Hagen-Poiseuille
equation is validate and accurate at a very low Reynolds number. Thus, the validation of the
high-Reynolds-number FSI (Fluid-Structure-Interaction) is needed.

Figure 8: Sketch of an ellipsoid rotating in a shear flow at zero Reynolds number.
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Figure 9: Simulation result of fiber angular velocity 𝑑𝜃/𝜆 as a function of normalized time 𝜆𝑡 is compared
with Jeffery theory.

3.3 Kármán Vortex Street
First, a uniform flow past a stationary circle obstacle is used to validate the present LBM
with the LES. When the particle Reynolds number Re = U0 d/ (d is the circle diameter and U0 is
the flow velocity) is large enough, the flow around the circle is separated unsteadily and a
repeating pattern of swirling vortices occurs. This phenomenon is known as the Karman vortex
street and has been extensively studied both experimentally and numerically [52][53]. In this
validation, a circle object with d = 20 is located at 5d downstream from an entrance with U0 =
0.1 in a fluid simulation box of 20d × 10d at νf = 0.01. A snapshot of the simulation results of
vorticity at 𝑅𝑒 = 200 is shown in Figure 10. For a quantitative validation, an average drag
1

coefficient CD = FD / 2 ρf U02 d is computed where FD is the mean drag force acting on the solid
obstacle. When the pattern of the vortex street is achieved, the Strouhal number 𝑆𝑡 = fs d/U0
is calculated, where fs is the vortex shedding frequency and measured from the periodicity of
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CD . The results of the Strouhal numbers at different Reynolds numbers are collected in Table 1
and well compared with those in the literature [40].

Figure 10: Fully developed Kármán Vortex Street.

Table 1: Strouhal numbers of flow passing stationary circle at different Reynolds numbers
Re

140

150

160

185

200

St (literature results)

0.184

0.186

0.188

0.196

0.204

St (present)

0.184

0.185

0.188

0.197

0.206

3.4 Flapping Filament in Incoming Flow
Next, to comprehensively validate the present numerical solvers, motion of a flexible
filament in an incoming flow is simulated. One end (head) of the filament is always fixed and
the other end (tail) is allowed to move freely. During flapping, the length of the filament is
maintained at a given value without any extensions by using the RATTLE algorithm. Our current
simulation results are compared with the existing experimental and simulation results by
others.
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Connell and Yue [54] developed a coupled fluid-structure direct simulation method to
simulate flapping of the filament. They used three non-dimensional parameters: the structurefluid mass ratio μ = ρ𝑠 ℎ𝑡 /ρ𝑓 𝐿, particle Reynolds number 𝑅𝑒 = 𝑈0 𝐿/𝜐𝑓 , and normalized
filament rigidity 𝐾𝐵 = 𝐸𝐼/ρ𝑓 𝑈02 𝐿3 to characterize stability of flapping, where ℎ𝑡 is the thickness
of the filament, 𝐿 is the length of the filament, 𝑈0 is the incoming flow speed, 𝐸𝐼 is the rigidity.
In their simulations, they discovered three distinct flapping regimes: I) a small μ regime of
stretched-straight state; II) an intermediate μ regime of stable periodical flapping state; and III)
a large μ regime of chaotic flapping state.

Figure 11: a) The tail displacement of the free end as function of time for the stretched-straight state in
regime I and stable flapping state in regime II at 𝑅𝑒 = 600 and 𝐾𝐵 = 4.27 × 10−4 . b) The transversal
velocity against tail displacement for the stretched-straight state and c) for the stable flapping state.
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These three distinct regimes of flapping are entirely recovered by our simulations. One
simulation is conducted in the conditions of 𝑅𝑒 = 600, 𝐾𝐵 = 4.27 × 10−4 , the simulation box
size of 1600 × 800, and the filament size of 150 × 3. A uniform incoming flow 𝑈0 is driven by a
pressure gradient in the X-direction. The simulation results of the transversal displacement of
the tail as functions of time are displayed in Figure 11a. There are two curves at μ = 0.04 and
0.08. The curve of μ = 0.04 initially has fluctuations with a small amplitude. Later, it becomes
flat without clear flapping, signifying that it is in the stretched-straight state in regime I. In
contrary, the curve of μ = 0.08 always keeps fluctuating with a stable amplitude and
frequency, illustrating that it is in the stable flapping state in regime II. To more clearly
characterize their difference, the transversal velocity 𝑉𝑌∗ at the tail end as a function of its
corresponding displacement 𝑌 ∗ is plotted in Figure 11b for μ = 0.04 and in Figure 11c for μ =
0.08. The velocity curve is converged to a single point in the stretched-straight case of μ = 0.04
while the velocity curve is converged to a circle in the stable flapping case of μ = 0.08.
Another simulation is conducted at 𝑅𝑒 = 1200 and 𝐾𝐵 = 1.18 × 10−4 . The corresponding
results are shown in Figure 12. When 𝜇 = 0.014, the displacement curve becomes flat after a
few cycles and there is no obvious undulation, denoting that the filament is in regime I of the
stretched-straight state. As the mass ratio increases to 𝜇 = 0.062, the filament periodically
vibrates with a stable amplitude and frequency, demonstrating that the filament is in regime II
of the stable flapping. As the mass ratio continuously increases to a higher level of 𝜇 = 0.122,
the flapping amplitude and frequency become nonuniform and unstable, suggesting that the
filament enters regime III of the chaotic flapping state. The velocity against the displacement is
28

also plotted in the Figure 12b for the stretched-straight state, Figure 12c for the stable flapping
state, and Figure 12d for the chaotic flapping state. There is no clear convergence for the
chaotic case.

Figure 12: a) The tail displacement of free end of the filament as function of time for the stretchedstraight state in regime I, stable flapping in regime II, and chaotic flapping in regime III at 𝑅𝑒 = 1200 and
𝐾𝐵 = 1.18 × 10−4 . The transversal velocity against tail displacement for b) the stretched-straight state,
c) stable flapping state, and d) chaotic flapping state.

Connell and Yue also carried out a linear stability analysis and proposed a critical mass
ratio μ𝑐𝑟𝑖𝑡 for the transition from the stretched-straight regime I to stable flapping regime II as
μ𝑐𝑟𝑖𝑡 = 1.3𝑅𝑒 −0.5 + 4π2 𝐾𝐵 .
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(41)

For the simulation result of the case of 𝑅𝑒 = 600, we find out μ𝑐𝑟𝑖𝑡 ≈ 0.05, which is
comparable with μ𝑐𝑟𝑖𝑡 = 0.0717 predicted from Equation 36. From the case of 𝑅𝑒 = 1200, we
obtain μ𝑐𝑟𝑖𝑡 ≈ 0.035 which is compared with μ𝑐𝑟𝑖𝑡 = 0.0422 from Equation 36. Besides, from
the fitting of their simulation results, they also proposed another critical chaotic mass ratio
μ𝑐ℎ𝑎𝑜𝑠
𝑐𝑟𝑖𝑡 between the stable flapping regime II and chaotic flapping regime III as
−0.5
μ𝑐ℎ𝑎𝑜𝑠
+ 10π2 𝐾𝐵 .
𝑐𝑟𝑖𝑡 = 3.2𝑅𝑒

(42)

Our simulation results turn out μ𝑐ℎ𝑎𝑜𝑠
𝑐𝑟𝑖𝑡 ≈ 0.092 in the case of 𝑅𝑒 = 1200 while the analytical
result is μ𝑐ℎ𝑎𝑜𝑠
𝑐𝑟𝑖𝑡 = 0.105. It is seen that all simulation critical mass ratios are close to the
analytical predictions.
In addition, Zhang [55] carried out an experiment and identified two distinct flapping
states by varying the length of the filament. Their results of patterns of vortices were presented
in Figure 13b for the static stretched-straight state in regime I and in Figure 13d for the stable
flapping in regime II. To verify their finding, simulations are taken place in the conditions
specified in Table 2 [56]. The filament length 𝐿′ is varied at two levels of 1.8 𝑐𝑚 and 4.0 𝑐𝑚 in
the simulations and the results of vortices are compared with those of the experiment in Figure
13. The similarities between Figure 13a and Figure 13b and between Figure 13c and Figure 13d
are clearly seen.
In summary, our simulation results are well consistent with the existing available data.
With great confidence for the present solvers, the simulation work for fish-like swimming is
carried out in the next section.
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Table 2: Simulation parameters for the filament flapping in the incoming flow
Parameters

Simulation units

Real units

fluid box sizing 𝑁𝑥 × 𝑁𝑦

850 × 425

17 𝑐𝑚 × 8.5 𝑐𝑚

filament sizing 𝐿′ × 𝑊 ′

90 𝑜𝑟 200 × 3

1.8 𝑜𝑟 4 𝑐𝑚 × 0.06 𝑐𝑚

fluid density ρ𝑓

1.0

1 𝑔/𝑐𝑚2

filament density ρ𝑠

0.75

0.75 𝑔/𝑐𝑚2

filament bending rigidity 𝐾𝐵

3.9

0.889 𝑒𝑟𝑔 ⋅ 𝑐𝑚

incoming flow velocity 𝑈0

0.1

20 𝑐𝑚/𝑠

fluid kinematic viscosity ν𝑓

0.01

0.04 𝑐𝑚2 𝑠 −1

Figure 13: a) The simulation result of wake vortices of the stretched-straight state at 𝑅𝑒 = 900 and 𝐿′ =
1.8𝑐𝑚 are compared with b) the experimental result by Zhang [55], and c) the simulation result of
periodically stable flapping at 𝑅𝑒 = 2000 and 𝐿′ = 4𝑐𝑚 are compared with d) the experimental result by
Shelley and Zhang [57].
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CHAPTER IV
SIMULATIONS AND RESOLUTION
In order to test the sensitivity of the simulation resolution, four different levels of
simulation box sizes are used, and the related simulation parameters are reported in Table 3.
The time step interval in the finest grids is 4.84 times smaller than the coarse grids and the unit
length in the finest grids is 2.2 times smaller than the coarse grids. A discretized fish-like
swimmer in Figure 1 is initially located at the center of the simulation box. The muscle
contraction frequency 𝑓 = 1.5 𝐻𝑧, amplitude ε𝑚𝑎𝑥 = 0.03𝐿𝑚 , wave length λ = 2𝐿𝑚 , and
kinematic viscosity ν𝑓 = 0.003 are used for all the levels of simulation grids. A periodic
boundary condition is imposed in the X-direction and two walls are added at the ends of the
simulation box in the Y-direction.
Table 3: Parameters of the resolution test for four levels of sizes
Coarse

Fine

Finer

Finest

simulation box size
(𝑵𝒙 × 𝑵𝒚 )

3000 × 1500

4200 × 2100

5400 × 2700

6600 × 3300

number of particles of
structure

761

1443

2343

3461

grid spacing size
(unit: 𝒄𝒎/𝒍𝒂𝒕𝒕𝒊𝒄𝒆)

0.05000

0.03571

0.02778

0.02273

time step size
(unit: 𝒔)

7.50 × 10−5

3.83 × 10−5

2.32 × 10−5

1.55 × 10−5
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Figure 14: Time history of a) migration in cruising direction, b) migration in undulatory direction, c)
velocity in cruising direction, and d) velocity in undulatory direction at four levels of simulation box. For all
levels, the 𝑓, ε𝑚𝑎𝑥 and λ are kept as the same, 𝑅𝑒𝑓 = 4453 and 𝑅𝑒 = 2888. Overlapping between the
finer case and finest case indicates visually that the difference becomes insignificant between these two
levels.

The displacements and velocities of the center of mass of the swimmer in both the X- and
Y-directions are computed. The results are displayed and compared among four levels of
simulation grids in Figure 14, where the time is normalized by 𝑓 −1 as 𝑡 ∗ , the displacement is
normalized by the fish length 𝐿 as 𝑋 ∗ and 𝑌 ∗ , the velocity is normalized by the maximum
contraction velocity of the muscle band 𝑉𝑚𝑚𝑎𝑥 = 2π𝑓ε𝑚𝑎𝑥 𝐿𝑚 as 𝑉𝑋∗ and 𝑉𝑌∗ . The same is applied
to other figures. It is shown in Figure 14 that the curves of displacements and velocities are
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close to each other as the grid size increases. In particular, curves of the finer case are almost
overlapped with curves of the finest case, signifying that the difference becomes insignificant
between the finer and finest cases.
Further, based on the finest grids, a convergence test is conducted and the results are
compared in Table 4. It shows that the 𝐿2 norm is 0.189% for the cruising displacement ||δ𝑋||2
and 1.05% for the velocity ||δ𝑉𝑋 ||2 in the finer case, suggesting that the present computation is
̅̅̅
̅̅̅
well convergent. The average errors |δ𝑋̅|/𝑋̅ and |δ𝑉
𝑋 |/𝑉𝑋 are as small as 0.179% and 0.028%,
respectively. Taking both accuracy and computational cost into consideration, the finer grids of
5400 × 2700 along with other parameters in Table 5 are selected for production runs in this
work.
Table 4: Results of convergence test in L2 norms and average errors
Coarse

Fine

Finer

Finest

||𝜹𝑿||𝟐

8.897

6.852

0.189

---

||𝜹𝑽𝑿 ||𝟐

20.26

6.213

1.050

---

̅ |/𝑿
̅
|𝜹𝑿

8.814

6.906

0.179

---

̅̅̅̅
̅̅̅̅
|𝜹𝑽
𝑿 |/𝑽𝑿

11.09

5.432

0.028

---
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Table 5: Simulation parameters for fish-like swimming
Parameters

Symbols

Simulation Values

swimmer length

𝐿

162

swimmer density

𝜌𝑠

1.0

bending rigidity of tail

𝐾𝐵

34.51

fluid simulation box

𝑁𝑥 × 𝑁𝑦

33.33𝐿 × 16.67𝐿

fluid density

𝜌𝑓

1.0

fluid viscosity

𝜈𝑓

0.0003

muscle band length

𝐿𝑚

101

distortion frequency

𝑓

1.5 𝐻𝑧

distortion amplitude

𝜀𝑚𝑎𝑥

0.03

distortion wave length

𝜆

2𝐿𝑚
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CHAPTER V
RESULTS

5.1 Muscle Driven Undulatory Locomotion
5.1.1 Swimming Kinematics
The undulatory motion of the fish-like body is obtained due to contacting and expanding
of muscle bands. The simulation results of the shape of the body are plotted within single cycle
time in Figure 15 for the case specified in Table 5. It is visualized that the main body portion
sways under the controlling of two muscle bands and the caudal portion sweeps laterally to
follow the undulation of the main body. A carangiform swimming style is observed and can be
well described by
𝑦(𝑥, 𝑡) = 𝐴(𝑥)𝑠𝑖𝑛(γ𝑥 + ω𝑡),

(43)

where x represents the local displacement along the length of the swimming body from the
head and y represents the lateral displacement at x. A(x) is the amplitude envelope of lateral
motion as a function of x.
To quantify the swimming style, the mode shape of the middle line of the fish body in one
cycle time is snapshotted and shown in Figure 15. Importantly, the amplitude envelope
determining different fish-like swimming styles is suggested [58] as
A(x) = c0 + c1 x + c2 x 2 ,

(44)

where c0 , c1 and c2 are the constant, linear and quadratic wave amplitude coefficients,
respectively. c0 can be neglected in the chosen swimming style, which means the head portion
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has barely lateral undulation and is employed in many literatures towards biomimetic robot
fishes [59-61]. The simulation result of the amplitude envelope is well fitted into Equation 35
with 𝑐1 = 0.0444 and 𝑐2 = 0.326. In brief, a correct undulatory motion of carangiform
swimming is not pre-described, but successfully created by controlling the muscle distortion in
our work.

Figure 15: Snapshots of undulatory motion in one cycle time from a to i.

Moreover, in simulations, a damping force 𝐹𝑑𝑎𝑚𝑝 = −𝑘𝑑𝑎𝑚𝑝 Δ𝑌 is added on the
swimmer's head to limit the transversal displacement Δ𝑌 of the head, where 𝑘𝑑𝑎𝑚𝑝 is a
damping coefficient. We also noticed that flexibility and inertial effect of the caudal portion has
an important impact on the swimming performance, which will be investigated in another
article in the near future.
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Figure 16: Undulatory motion of the middleline of the fish-like body in one cycle time. The dash line
(
) is for the tail portion in the passively flapping and dash-dot line (
) is for the body
portion in the actively flapping. The solid line (
) is the envelope of the transversal displacement
of the carangiform swimming body [58].

Figure 17: Time history of a) migration in cruising direction, b) migration in lateral direction, c) velocity in
cruising direction, and d) velocity in lateral direction at 𝑓 = 0.5, 1.0, 1.5, 2.0 𝐻𝑧. 𝜀𝑚𝑎𝑥 = 0.03𝐿𝑚 and
𝜆 = 2𝐿𝑚 are kept the same. The flapping Reynold number increases from Re𝑓 = 1410 at 𝑓 = 0.5 𝐻𝑧 to
𝑅𝑒𝑓 = 6240 at 𝑓 = 2.0 𝐻𝑧.
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5.1.2 Effects of Frequency
We turn our attentions to understand how the muscle distortion affects the swimming
performance. Equation 1 of the distortion distribution has three variables: frequency f =
2π/ ω, maximal amplitude εmax , and wave length λ = 2π/γ. These three variables can be
systematically varied at different levels and their effects on swimming performance are
investigated.
First, the frequency 𝑓 is varied at different levels from 0.5 𝐻𝑧 to 2 𝐻𝑧 in the simulations
while the maximum distortion amplitude and the wave length are kept at constants of 𝜀𝑚𝑎𝑥 =
0.03𝐿𝑚 and 𝜆 = 2𝐿. The results of migrations and velocities in both the cruising X-diretion and
flapping Y-direction as functions of time are shown in Figure 17 and compared among all levels
of frequencies. It is shown that the forward displacement X ∗ of the swimmer strongly depends
on the frequency f and increases monotonically as the frequency increases (see Figure 17a). All
over the cruising velocity largely increases as the frequency increases (see Figure 17c). This can
also be reflected by the slopes of curves of X ∗ . In meantime, the forward cruising velocity
fluctuates, and the fluctuation frequency increases as the muscle driving frequency increases. It
is seen that both the lateral displacement Y ∗ and velocity VY∗ fluctuate around zero (see Figure
17b and Figure 17d) and the fish body sways in the transversal direction when the body moves
forward. It is recognized that the muscle contraction drives the fish body flapping in the
transversal or Y-direction, which creates a thrust force in the X-direction and pushes the
swimmer to move forward. It is noted that the transversal flapping frequency synchronously
increases as the muscle driving frequency increases, while the lateral displacement amplitude is
almost kept in the same level (see Figure 17b). In other words, the increase in the number of
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strokes per unit time results in an increase in cruising speed. No doubt, the frequency is a major
driving factor in swimming mechanisms.

5.1.3 Effects of Amplitude
Second, the amplitude εmax of the muscle contraction is varied at different levels in the
range from 0.01Lm to 0.06Lm while the muscle distortion frequency and the wave length are
kept at f = 1.5 Hz and λ = 2Lm , respectively. The simulation results of displacements and
velocities in the X-direction and Y-direction as functions of time are plotted in Figure 18. It is
inspected that the cruising displacement and velocity largely increases as the amplitude εmax
increases. It is understood that the lateral displacement and velocity increase as the amplitude
εmax increases. With a larger lateral displacement, a larger thrust force will be generated to
achieve a larger cruising velocity. However, the increasing rate of the cruising displacement and
speed becomes much slower at large amplitude levels as compared with small amplitude levels.
This non-linear behavior is revealed.
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Figure 18: Time history of a) migration in cruising direction, b) migration in lateral direction, c) velocity in
cruising direction, and d) velocity in lateral direction at different contraction amplitudes (εmax =
0.01to0.06). f = 1.5 Hz and λ = 2Lm are kept the same. The flapping Reynolds number Ref varies from
2050 for case of εmax = 0.01Lm to 6550 for case of εmax = 0.06Lm .

5.1.4 Effects of Wave Length
Next, the wave length λ is varied at different levels in the range between Lm and 8Lm
while the driving frequency and the amplitude are kept at a given level of f = 1.5 Hz and
εmax = 0.03Lm . The simulation results of the displacement and migration velocity are exhibited
and compared in Figure 19. It is remarkable that when λ/Lm = 1, values of the cruising
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displacement and velocity are close to zero and no forward cruise occurs. This can be explained
as the muscle bands have neither a net contraction nor expansion since positive and negative
strains along whole the muscle bands are almost canceled out. As the wave length increases to
λ/Lm = 2, the cruising speed increases. The net contraction and expansion allow the fish body
flapping in the transversal direction and drive the fish to move forward, thus the flapping and
cruising Reynolds numbers increase. However, as the wave length continuously increases to a
higher level, the curve becomes flat since the lateral flapping amplitude is almost saturated. All
the effect results are in accordance with the empirical observations by Videler[62] and the
simulation results by Curatolo and Teresi [22].
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Figure 19: Time history of a) migration in cruising direction, b) migration in lateral direction, c) velocity in
cruising direction, and d) velocity in lateral direction at different wave lengths (λ/Lm = 1,2,4,6,8). f =
1.5 Hz and εmax = 0.03 are kept the same. The flapping Reynolds number increases from Ref = 745 at
λ = Lm to Ref = 5440 at λ = 8Lm .

5.1.5 Flapping Reynolds Number
To comprehensively understand how the frequency f, amplitude εmax , and wave length λ
of the muscle bands' distortion influence the swimming performance, the cruising Reynolds
number Re, flapping Reynolds number Ref , and Strouhal number St as functions of f, εmax , and
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λ/Lm are plotted and compared in Figure 20. It is found that the flapping Reynolds number
increases linearly as the frequency increases. As a result, the cruising Reynolds number
increases. The flapping Reynolds number increases non-linearly as the distortion amplitude
increases, so does the cruising Reynolds number. When the wave length λ = 𝐿𝑚 , the flapping
and cruising Reynolds number are almost equal to zero. As the wave length continuously
increases, 𝑅𝑒𝑓 and 𝑅𝑒 increase correspondingly. However, both curves of 𝑅𝑒𝑓 and 𝑅𝑒 become
flat and are saturated fast when the wave length becomes larger. In fact, our results of the
relationship between 𝑅𝑒 and 𝑅𝑒𝑓 in Figure 21 are satisfactory and in a good agreement with
the experimental findings and predictions from empirical formula [51][63].
For all cases, the Strouhal number depends very weakly on the flapping Reynolds number
and cruising Reynolds number. Empirically the Strouhal number for fishes is around 0.3 when
the Reynold number is in the order of 103 to 104 [51]. In our simulations, 𝑆𝑡 is between 0.219
and 0.318 with an average value of 0.267. Also for all cases, the reduced frequency κ ≈ 0.7
indicates that the fluid flow environment is in an unsteady state in our simulations.
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Figure 20: Flapping Reynolds number 𝑅𝑒𝑓 , cruising Reynolds number 𝑅𝑒, and Strouhal number 𝑆𝑡 at
different a) frequency 𝑓, b) contraction amplitude ε𝑚𝑎𝑥 , and c) wave length λ/𝐿𝑚 of active distortion of
muscle bands. Simulation conditions of a, b and c refer to Figure 17,Figure 18 and Figure 19 respectively.
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Figure 21: Relationship between the flapping and cruising Reynolds numbers. Condition I refers to Figure
17, condition II refers to Figure 18, and condition III refers to Figure 19. The solid line of Re against 𝑅𝑒𝑓 is
an empirical formula.

5.1.6 Vortices
Wake flows behind the swimming body are very closely associated with the hydrodynamic
characteristics of a swimming fish. Within one cycle time of the lateral oscillation, shear layers
are alternatively generated along two side surfaces of the swimming body, and gradually shed
into the downstream to form the vortices (see Figure 22). There are two vortices with similar
sizes and opposite directions during one cycle. Eventually, a reverse vortex street occurs in the
wake of the swimming body as shown in Figure 23, where the vortices are compared between
two cases of f = 1.25 and 2.0 Hz. It is shown that the intensity of the vortex street is much
stronger for f = 2.0 Hz than for f = 1.25 Hz, as expected, since the cruising Reynolds number is
Re = 3851.85 for the former and Re = 2055.86 for the latter. It is observed that the vortex
structure dissipates slowly with (at least) 7 cycles. The vortex street is not straight. Although the
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two muscle bands distort evenly on each side of the fish body, the fluid pattern and the lateral
undulation will be affected by their interaction. Actually, the shedding angle of the vortices
depends on the initial condition.

Figure 22: Fluid patterns around the swimming body within the 25th cycle time. Simulation conditions
refer to Table 5.
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Figure 23: Reverse vortex street in wake flows of the undulatory swimming body at 𝑡 ∗ = 25.56 for cases of
the muscle distortion frequency a) 𝑓 = 1.25 𝐻𝑧 and b) 𝑓 = 2.0 𝐻𝑧. Other simulation conditions refer to
Table 5.

5.2 Effect of Flexibility and Inertia of Fish Tail
5.2.1 Effect of Flexibility
It is obvious that tail is more flexible or less rigid than fish body and the tail shape can be
more easily altered by hydrodynamic and muscular elastic forces. To study influence of rigidity
of the tail on swimming performances, the rigidity of the tail is varied at various levels while
other conditions in simulations are kept in the same and are collected in Table 5. In this section
and all the following sections, we use two different fluid viscosity (𝜐𝑓 = 0.0003 and 0.0015) to
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simulate a high-Reynolds-number environment and a low-Reynolds-number environment. The
rigidity effect and inertia effect are more obvious in the low-Re environment than in the highRe environment. We start from the low Reynolds number.
The simulation results of the average cruising velocity as a function of rigidity are plotted
and compared among different levels of rigidity in Figure 24a. It is shown that there are three
regimes on the curve of the cruising velocity versus rigidity. In regime I, the cruising velocity is
negative and the fish cruises backward when 𝐾𝐵∗ > 0.8. Although, the backward velocity is in a
low level when the rigidity is very large, the magnitude of the velocity decreases as the rigidity
decreases. After passing 𝐾𝐵∗ = 0.8, the backward velocity becomes positive and enters regime II
where the fish moves forward. In regime II, there is a maximum velocity, suggesting that the
rigidity should be optimized to achieve the best forward cruising speed. After passing the
maximum point, the forward velocity decreases, and becomes negative as the rigidity
continuously decreases. Finally, it enters regime III where the fish moves backward when 𝐾𝐵∗ <
0.12. Similar to regime I, there is a peak on the velocity curve with a negative sign in regime III,
signifying that an optimization for rigidity is necessary to achieve the largest backward velocity.
The cruising Reynolds number is only different from the cruising velocity by a scale factor in
Equation 29 and has a similar behavior to the cruising velocity except the negative velocity
portion in regime III maps to the positive portion of the cruising Reynolds number, as shown in
Figure 24b, because the Reynolds number definition does not distinguish velocity sign. It is
remarkably evidenced that the rigidity has a profound impact on cruising, can not only reverse
cruising directions, but also maximize both the forward and backward cruising velocities. It is
believed that using rigidity, fish can alter the tail shape to reverse migration direction and
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obtain a maximum velocity either in forward (regime II) or backward (regime III) direction. It
appears that regime II and III are more interesting than regime I.
As mentioned before, it is flapping motion of the tail in the transversal direction, which
creates a thrust force and propels the body to migrate in the longitudinal direction. No doubt,
the flapping Reynolds number plays an important role. The results of flapping Reynolds number
versus rigidity is displayed in Figure 24c. In regime II, where the rigidity is in an intermediate
range, the flapping Reynolds number increases as the rigidity decreases, indicating that a
smaller rigidity encourages a larger flapping motion, results in a larger forward velocity, and
arrives at a point where the forward velocity is maximum. After passing the maximum, the tail
becomes too flexible, has an excessive deformation, and receives a large fluid resistance, as the
rigidity continuously reduces. As a result, the flapping Reynolds number reduces. There is a
second maximum, from the vertical axis, on the curve of 𝑅𝑒𝑓 in Figure 24c, which corresponds
to the position of the maximum of the forward cruising velocity and cruising Reynolds number.
Next, a power coefficient 𝐶𝑝∗ is used to measure the required input power to overcome
hydrodynamic resistant force and written as

𝐶𝑝∗ =

∑𝑖 𝐹𝑖ℎ 𝑉𝑖
3
0.5ρ𝑓 𝐿𝑉𝑚𝑎𝑥

,

(45)

where Fih is the hydrodynamic force, Vi is local velocity on the ith surface solid particle, and
𝑉𝑚𝑎𝑥 = 2π𝑓ε𝑚𝑎𝑥 𝐿𝑚 is the maximal velocity of muscle distortion. The results of power
coefficient are displayed in Figure 24d. More usefully, a propulsive efficiency η is defined by the
average cruising velocity per input power
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η = ̅̅̅
VX /Cp∗

(46)

and employed to assess the efficiency of the input power. There is a positive peak on the curve
of η against 𝐾𝐵∗ in regime II and a negative peak in regime III, as shown in Figure 24e,
demonstrating that an optimization of rigidity or flexibility can produce not only a maximum
power efficiency for a forward cruising but also for a backward cruising. The flexibility or
rigidity plays a critical role in maximizing the forward and backward cruising speeds and power
efficiencies.
However, it is noted that the first peak from the vertical axis on the curve of 𝑅𝑒𝑓 does not
correspond to the negative peak of the curve of 𝜂 as shown in Figure 24c and e since the
flapping experiences a flow resistant at this non-optimal rigidity, which is still too large for
backward motion, and the large flapping Reynolds number at this point does not generate
large backward cruising speed. It is inferred that similar to regime II, fish can also alter the
shape of tail and use its flexibility to gain a maximum of power efficiency.
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Figure 24: a) The average cruising speed 𝑉𝑋∗, b) cruising Reynolds number 𝑅𝑒, c) flapping Reynolds
number 𝑅𝑒𝑓 , d) power coefficient 𝐶𝑝∗ , and e) propulsive efficiency η, as a function of rigidity 𝐾𝐵∗ of the
caudal portion in low Reynolds number environment. The muscle driven distortion frequency 𝑓 = 1.5 𝐻𝑧.
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5.2.2 Elasticity, Inertia and Deformation
According to Equation 32, an interplay among the effective wing inertia, hydrodynamic
force, and elastic force determines the fish motion and deformation. A single muscle-driven
plunge can be divided into an acceleration half-stroke and a deceleration half-stroke. The
inertia is the largest at the stroke reversal where the acceleration of the main body is
maximum, and its velocity is zero while the flow dynamic force is the largest at the middle of a
stroke where the velocity or momentum of the main body is maximum. A combination of
effects of the tail and fluid inertia and flexibility results in a large sweeping distance of the tail in
the Y- or transversal direction, which induces a large thrust force.
To express the deformation, the shape of the middle line of the swimmer at different time
is shown in Figure 25a for an upstroke and in Figure 25b for a downstroke in the case of the
rigidity optimized (𝐾𝐵∗ = 0.255) forward motion in regime II.
When the main body strokes up and accelerates, the tailing edge tries to keep its original
down-velocity, obtained in the previous stroke, due to the inertia of the tail and fluid boundary
layer (“added mass”) and has a forward bent shape at 𝑡 ∗ = 0.01𝑇. After 𝑡 ∗ = 0.2𝑇, the tail
velocity changes its sign (direction) and starts to increase at 𝑡 ∗ = 0.3𝑇 in the deceleration halfstroke after passing the middle of the upstroke, the tail is bent backward. Even after the stroke
reverses its direction the tail velocity still increases at 𝑡 ∗ = 0.53𝑇. Only after 𝑡 ∗ = 0.73𝑇, the
velocity change sign and the tail are bent backward (see Figure 25b). Simultaneously, the tail
elastic and hydrodynamic forces try to resist the deformation. A balance among inertial, elastic,
hydrodynamic forces determines the final deformation. It is visualized that the flexibility causes
the tailing edge to rotate relatively around the left end of the main body so that the rotation
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inertia is superimposed on the translational inertia and enhances the deflect, defined by the
displacement difference in the Y-direction between the tailing edge and body mass center. As
contrast, the shape of the middle line of swimmer at different time is shown in Figure 26 for the
case of the backward cruise in regime III at an optimized rigidity of 𝐾𝐵∗ = 0.0765.

Figure 25: The flapping motion of swimmer's middle line in one cycle is divided into a) upstroke and b)
downstroke for the optimized forward cruise in regime II at 𝐾𝐵∗ = 0.255.

Figure 26: The flapping motion of swimmer's middle line in one cycle is divided into a) upstroke and b)
downstroke for an optimized backward cruise at 𝐾𝐵∗ = 0.0765 in regime III.
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The tail motion has roughly 0.65𝑇 phase delay with respect to the main body as shown in
Figure 27, where the displacement of the body mass center in the Y-direction and deflection as
a function of time are exhibited and compared with the case of non-optimized rigidity (𝐾𝐵∗ =
0.764). It is clear that the sweeping distance is much larger for the optimized rigidity, as
compared with the non-optimized rigidity for both the forward and backward cases. The large
sweeping in the vertical direction may benefit thrust force.

Figure 27: The deflections of swimmer's tailing edge and center of mass of main body as function of time
are compared a) between the forward cruising cases of optimized and un-optimized rigidity; b) between
the backward cruising cases of optimized and un-optimized rigidity.

To construct a mode-shape of motion, all the middle lines at different time in one cycle are
aligned with an overlapped head point. Over all the deformations are displayed and compared
between the optimized forward cruise and optimized backward cruise in Figure 28. A distinct
difference between them is observed. The tail and body present a horn shape with large
amplitudes in the tail and gradually small amplitudes in the head in the forward cruise as shown
in Figure 28a. The tail mainly pitches backward and beats on the fluids and the reaction force
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on the fish pushes it cruising forward. A concave envelop of the amplitudes characterizes the
forward cruise. In contrary, two convex curves, at least, appear on the envelop of the amplitude
in the backward cruise if the head is not considered. In particular, the tail is more curled
compared with the forward cruise, as shown in Figure 28b. It is expected that the smaller
rigidity in regime III than in regime II produces more flexible tail with larger curvatures, which
may create strong vortices and their effects may reverse migration direction and allow the fish
cruising backward.

Figure 28: The deformations are compared between a) the case of the forward cruising in regime II at
𝐾𝐵∗ = 0.255, and b) the case of the backward cruising in regime III at 𝐾𝐵∗ = 0.0765 within one period
time.
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5.2.3 Vortices II
When the rigidity of the tail is in an intermediate range in regime II, the plunging and
pitching motion of the tail creates two leading edge vortices with opposite signs, one positive
(counterclockwise with red color) on the top surface and the other negative (clockwise with
blue color) on the bottom surface as shown in Figure 29. They attach on the surfaces and move
backward along the body surfaces. The negative vortex moves along the bottom surface to the
tailing edge until the tail is curled up to its maximum curvature and starts to pitch down (see in
Figure 29a at 𝑡 ∗ = 0.167𝑇). The negative vortex releases to the wake area during the tail
pitches down (see Figure 29c at 𝑡 ∗ = 0.417𝑇). The same occurs for the positive vortex on the
top surface. The positive vortex moves long the top surface until the top surface is curled down
to its maximum curvature and starts to pitch up (see Figure 29e). Then it alternately shed to the
wake area during the top surface pitch up (see Figure 29g). Thus, one pair of vortices per cycle
are shedding to the wake area and form a reverse Von Karman vortex street. The time average
of the flow velocity in the wake area becomes a jet which produces a reaction force, called
thrust force, acting on the fish body and pushes fish migrates forward.
It appears that the rigidity has an important impact on structure of vorticity. The results of
vorticity contours (left column a, c, e, g in Figure 29) at the optimized level of rigidity 𝐾𝐵∗ =
0.225 are compared with those (right column b, d, f, h) of the un-optimized level of rigidity
𝐾𝐵∗ = 0.764. It is clearly shown that the vortex street is more straight at the optimized rigidity
while the vortex street is deflected upward at the no-optimized rigidity. The intensity of
vortices is larger at the optimized rigidity than at the non-optimized rigidity, enhancing the
effective flow jet.
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Figure 29: Snapshots of vorticity contours of the forward cruising at the optimized rigidity K ∗B = 0.255
(a, c, e, g) are compared with those at the un-optimized rigidity K ∗B = 0.764 (b, d, f, h) within the 30th
cycles.

As the rigidity reduces to a low level in regime III, the tail is flexible enough, allows it more
curled during flapping, and results in a cruising direction reversal. In other words, the fish now
migrates backward, the tail becomes leading edge, and the head becomes trailing edge. The
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vortex structure in the backward cruising is entirely different from that in the forward cruising.
A comparison of vortex contours between the forward and backward cruise at single instant
time is shown in Figure 30.
Left column of Figure 31 shows the case of the optimized rigidity for the backward cruising
at different time instants. The tail end is largely curled up at the beginning of a stroke. As the
tail flaps down, a pair of large vortices is formed on the left side of the tail (see Figure 31a). In
the pair, the negative vortex (blue color) is on the left surface of the tail and the positive vortex
(red color) is adjacent to the left of the negative vortex. As the tail continuously flaps down,
both the negative and positive vortices move up and go over the tail end (see Figure 31c),
migrate along the top surface of body, where the negative vortices are on the top surface and
the positive vortices are above the negative vortices. The paired vortices finally shed to the
wake area and form a weak Von Karman vortex street. Similarly, as the tail flaps up (see Figure
31e and g), a pair of large vortices is formed on the left of the tail and their signs are just

opposite to those when the tail flaps down. The two vortices move down and migrate along the
bottom of the body surface. The positive vortex is located on the bottom of the body surface
and the negative vortex is just below the positive one. Therefore, two pair of vortices per cycle,
or two Von Karman vortex streets are formed in the wake area. Importantly, strong and large
vortices on the left side of the tail create a large vacuum suction effects which primarily drives
the fish body to move backward. The vortices in right column of Figure 31 for the non-optimized
rigidity case are not as strong as in the optimized case.
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Figure 30: Instant snapshot of vortex streets of a) forward cruising at K ∗B = 0.255 and b) backward
cruising at K ∗B = 0.0765.
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Figure 31: The snapshots of vorticity contours of backward cruising at the optimized rigidity 𝐾𝐵∗ =
0.0765 (a, c, e, g) are compared with those of the un-optimized rigidity 𝐾𝐵∗ = 0.051 (b, d, f, h) in regime
III.
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5.2.4 Inertial Effect
To explore effects of inertia on swimming performance, effective inertia Π is varied at
0

different levels by changing values of solid density in simulations while keeping other conditions
same (K ∗B = 0.764). The simulation results of the average cruising speed, flapping Reynolds
number, power coefficient, and propulsive efficiency as a function of effective inertia Π are
0

plotted in Figure 32 at the low range of flapping Reynolds number. It is shown that there are
two regimes: forward cruise regime A and backward cruise regime B on the curve of 𝑉𝑋∗ versus
𝐾𝐵∗ . The forward velocity 𝑉𝑋∗ increases and arrives at a maximum as the effective inertia
increases from Π = 0.4 to 0.8. After passing the maximum point, the forward cruising velocity
0

decreases, as the effective inertia continuously increases. Remarkably, the cruise reverses its
direction and becomes backward as the effective inertia further increases. There is a maximum
in the backward cruise regime B. The backward migration is slowing down when the effective
inertia becomes too large and leads to an excessively large deformation, which reduces the
backward velocity. In (forward) regime A, the flapping Reynolds number increases
monotonically, as the effective inertia increases, as shown in Figure 32c, due to its large
momentum. In (backward) regime B, the flapping Reynolds number behavior does not increase
monotonically due to more complex deformed shape of the tail. Over all, the forward cruise
costs less power and has a larger power efficiency as compared with the backward cruise as
shown in Figure 32 d and e. Unlike the curve of 𝑉𝑋∗ vs 𝐾𝐵∗ , the maximal cruising velocity does not
correspond to the maximum of power efficiency. It is substantiated that effective inertia has a
profound impact on migration and an optimization for inertia can achieve maximal either
forward or backward cruise.
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Figure 32: a) Average cruising speed VX∗, b) cruising Reynolds number 𝑅𝑒, c) flapping Reynolds number
𝑅𝑒𝑓 , d) power coefficient Cp∗ , and e) propulsive efficiency η as a function of effective inertia Π in low
Reynolds number environment. Tail portion rigidity is kept at K ∗B = 0.764.
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0

5.2.5 Reynolds Number Effect
In previous section, all the results come from the flapping Reynolds numbers in a range of
2000 − 3500. To examine influence of Reynolds numbers, a smaller kinematic viscosity ν𝑓 =
0.0003 is employed to achieve higher flapping Reynolds numbers in the range of 3000 − 5000.
The results of cruising velocity, cruising Reynolds number, flapping Reynolds number, power
coefficient and efficiency as a function of rigidity are plotted in Figure 33 for the cases of the
high flapping Reynolds numbers.
Initially, when the rigidity is at a small level of 𝐾𝐵∗ = 0.1277, the tail has an excessively
large deformation, which may receive a large resistant for forward cruising, the swimmer
travels forward with a small velocity. As the rigidity increases, the forward cruising velocity
increases dramatically and arrives at a large value at 𝐾𝐵∗ = 1.0216. After that, the cruising
velocity keeps in almost same level even when the rigidity further increases as shown in Figure
33a). However, there is a peak on the curve of power efficiency at 𝐾𝐵∗ = 1.0216 (see Figure
33d, demonstrating that the rigidity can be used to optimize propelling power coefficient and
maximize benefits.
A comparison of Figure 33 with Figure 24 reveals that when the flapping Reynolds number
increases from the range of 𝑅𝑒𝑓 = 2000 − 3500 to the range of 𝑅𝑒𝑓 = 3000 − 5000, original
backward migration in regime I and III disappears, only the forward migration regime is
remained. In other words, at a Reynolds number large enough, inertia or inertia associated
flapping motion dominates flexibility of tail, is able to produce enough thrust forces, and propel
the fish body to move forward at any situation, no matter what the flexibility is. However, at a
small Reynolds number level with relatively small inertial effect, the flexibility plays a critical
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role in reversal of migration direction and may cause either forward or backward migration. In
summary, in a low Reynolds number range, swimmer can migrate in either forward or
backward direction by varying its flexibility. In a high Reynolds number range, swimmer with its
large inertia may cruise forward only.
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Figure 33: a) Average cruising speed 𝑉𝑋∗, b) cruising Reynolds number 𝑅𝑒,c) flapping Reynolds number
𝑅𝑒𝑓 , d) power coefficient 𝐶𝑝∗ , and e) propulsive efficiency η as a function of effective inertia Π in high
0

Reynolds number environment.
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CHAPTER VI
CONCLUSION
The MDM is developed to simulate the distortion of muscles which actively drives the fishlike swimming body to flap in the transversal direction and forces the body to cruise forward.
The muscle distortion is realized by controlling the relative distance between two neighboring
solid particles using the RATTLE constraint algorithm. This method allows the fish body to swim
freely in both the X- and Y-directions. The fluid is modeled by the MRT-LB method with the LES
extension and the fish body is constructed by the LS model. Interaction between fluid grids and
solid particles is treated by DIBM. The current method is validated by comparing our results
with the existing theoretical and experimental results of a flexible filament flapping in a
uniform incoming flow. Three distinct flapping regimes: I) stretched-straight, II) stable, and III)
chaotic flapping regimes are entirely reproduced.
Subsequently, the method is utilized to investigate the effects of the muscle distortion
frequency, amplitude, and wave length on the cruising performance of the fish-like swimming.
It is revealed that
1) the flapping Reynolds number increases linearly as the distortion frequency increases.
As a result, the cruising number increases linearly, since lateral flapping at a larger flapping
Reynolds number pushes the fish body to cruise forward faster.
2) both the flapping and cruising Reynolds numbers increase as the amplitude increases.
The increasing rate is smaller at a larger amplitude range than at a smaller amplitude range.
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3) the flapping and cruising Reynolds numbers are almost vanished when the wave length
is λ = 𝐿𝑚 , because the contraction is canceled by expansion along the muscle bands and there
is almost no net distortion. The flapping and cruising Reynolds numbers increase as the wave
length increases. However, the increase is slow down and quickly saturated as the wave length
continuously increases to a higher level. It is shown that the flapping and cruising Reynolds
numbers weakly depend on the wave length.
For all cases, the Strouhal number depends very weakly on the flapping and cruising
Reynolds numbers and the computed values of 𝑆𝑡 is very close to the empirical results.
Furthermore, based on this MDM, we studied the effect of flexibility and inertia of fish tail
on performance of the fish-like swimming. Based on the study of influence of rigidity on
swimming performances in the low Re Environment, we obsersed that there are three regimes
on the curve of the cruising velocity versus rigidity : 1)regime I with the low level backward
cruising velocity when 𝐾𝐵∗ > 0.8; 2) regime II, the backward velocity becomes positive and there
is a maximum velocity, suggesting that the swimming performance could be optimized by the
rigidity; 3) the fish moves backward again and, similar to regime II, there is a negative peak on
the velocity curve. It is remarkably evidenced that the rigidity has a profound impact on
cruising, can not only reverse cruising directions, but also maximize both the forward and
backward cruising velocities. It is also shown that the flapping Reynolds number plays an
important role, as well as the power coefficient and the propulsive efficiency. The peaks on the
curve of the propulsive efficiency demonstrate that an optimization of rigidity can produce not
only a maximum power efficiency for a forward cruising but also for a backward cruising.
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Employing the beam theory, the interplay among the effective wing inertia, hydrodynamic
force, and elastic force is explained. The large sweeping in the vertical direction may benefit
thrust force. It is expected that the smaller rigidity produces more flexible tail with larger
curvatures, which may create strong vortices and their effects may reverse migration direction
and allow the fish cruising backward. Also, the difference of vortices between the forward and
backward cruising cases, and between the optimized and un-optimized rigidity cases, can help
us understand the phenomenon.
similar to the influence of rigidity, we explored effects of inertia on swimming
performance such as the average cruising speed, flapping Reynolds number, power coefficient,
and propulsive efficiency. It is shown that there are two regimes: forward cruise regime A when
Π0 = 0.4 𝑡𝑜 0.8 and backward cruise regime B when Π0 > 0.8, and There are maxima in both
regimes.
To examine influence of flapping Reynolds numbers, we also studied the effect of rigidity
in the high Reynolds number environment. It is shown that in the low Reynolds number range,
swimmer can migrate in either forward or backward direction by varying its flexibility, while in
the high Reynolds number range, swimmer with its large inertia may cruise forward only.
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